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for small A>values are given by

6 - ~ k a - ^ i - T h k31al k l + 0 ^ -  <14>

Since a is known, d can be calculated. Using Eq. 
(14) for the phase shifts we can calculate the total 
cross-sections o for the elastic scattering of low en­
ergy electrons within the framework of the Thomas- 
Fermi theory by means of the well known equation.

o =  (4 Ji/h2) sin2 d . (15)

In Table 2 we have collected results for o for 
certain elements belonging to the same groups in 
the periodic table.

Table 2 contains the numerical values of the total 
cross section for several elements. The results show 
that o is not a monotonic function of k for small 
A:-values but neither a complicated function of k.
o contains some maxima and minima which means 
it ahs an oscillatory character of low energy scatter­
ing of electrons by atoms in the Thomas-Fermi 
theory.

I wish to thank Professor R. G. B r e e n e , Jr., for 
inviting me to the West Virginia University as a visit­
ing Professor and for his assistance in preparing this 
paper.
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The Senftleben-Beenakker effect of the viscosity of dilute polyatomic gases is investigated 
theoretically for the case where an alternating magnetic field parallel to the usual static field is 
present. The starting point is a set of transport-relaxation equations obtained from the kinetic 
equation for the one-particle distribution by application of the moment method. The transport- 
relaxation equations are solved for the viscosity problem and the relevant viscosity coefficients 
averaged over many periods of the oscillating field are calculated as functions of the frequency 
of the alternating field and of the magnitudes of both magnetic fields. The importance of the 
obtained results for the dynamic behaviour of the thermomagnetic gas torque (Scott effect) is 
discussed.

The transport properties, in particular heat con­
ductivity and viscosity of dilute polyatomic gases, 
are influenced by an external magnetic field 1 (Senft­
leben-Beenakker effects). It is the purpose of this 
paper to present a theoretical investigation of the 
effect of two collinear static and alternating mag­
netic fields on the viscosity of a dilute gas of poly­
atomic molecules. In  view of the close connection 
between the Senftleben-Beenakker effects for the 
heat conductivity and viscosity and the “thermo­
magnetic torque effect” observed for rarefied poly­
atomic gases2 (Scott effect), such an analysis is 
also of importance for recent Scott effect measure­

m ents3 involving collinear static and alternating 
magnetic fields. A theoretical analysis of this “dy­
namic behaviour” of the thermomagnetic torque 
has already been presented by the authors 4.

The Senftleben-Beenakker effects have been stud­
ied extensively (both experimentally and theoreti­
cally) during the last decade; for an excellent re­
view of the literature see the article by B e e n a k k e r  
and M c C o u r t 5. Qualitatively, the influence of a 
magnetic field on the transport properties of poly­
atomic gases can be understood as follows. In the 
transport situation, collisions between molecules 
possessing a nonspherical interaction give rise to
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an alignment of the internal rotational angular mo­
menta or to a correlation between rotational and 
linear momenta of the molecules. This alignment, 
in turn, affects the value of the transport coeffi­
cients. Hence if the alignment is (partially) de­
stroyed by the precessional motion of the rotational 
angular momentum about the direction of an ap­
plied magnetic field, the transport coefficients are 
altered.

For a theoretical treatment w ithin the framework  
of kinetic theory one has to start from  a kinetic 
equation or generalized Boltzm ann equation for the 
one-particle distribution function characterizing the 
nonequilibrium  state o f the gas. The appropriate 
quantum mechanical k inetic equation for gases co n ­
sisting of particles w ith internal rotational degrees 
of freedom  has first been derived by W a l d m a n n  6 
and later independently by S n id e r  7> 8. A solution  
procedure for this kinetic equation which is akin 
to the Chapman-Enskog m ethod has been used by 
M c C o u r t  and S n id e r  9 to treat the Senftleben- 
Beenakker effect on heat conductivity and viscosity. 
P reviously, K a g a n  and M ak sim ow  10 had already 
treated the influence of a m agnetic field on the heat 
conductivity by the sam e m ethod but they started 
from  a (sim plified) classical kinetic equation for 
a gas of rotating m olecules; an extension of their 
work to the influence of a m agnetic field on the v is­
cosity has been given by K n aap  and B e e n a k k e r  n . 
For the further developm ent of the application of 
the Chapman-Enskog m ethod to the study of the 
Senftleben-Beenakker effects R ef. 5 should be con­
sulted.

A different solution procedure for the quantum 
mechanical kinetic equation — the moment me­
thod — has been developed by W a l d m a n n  and 
coworkers 12>13. Within the moment method — con­
trary to the Chapman-Enskog method — one is not

6 L. W a l d m a n n , Z. Naturforsch. 12 a, 660 [1957]; 13 a, 606
[1958],

7 R. F. S n i d e r , J. Chem. Phys. 3 2 ,1 0 5 1  [1960].
8 For more recent derivations of the kinetic equation see 

L. W aldm ann , in: Statistical Mechanics of Equilibrium  
and Non-Equilibrium, ed. J. M eixner , North-Holland Pub­
lish. Co., Amsterdam 1964; S. H ess, Z. Naturforsch. 22 a, 
1871 [1 9 6 7 ];  A. T ip, Phys. Letters 30 A , 147 [1969];
H. C. A ndersen and I. Oppenheim , Ann. Phys. New York 
57, 91 [1 9 7 0 ]; A. P. Grecos and W. C. S chieve, Physica 
46. 475 [1970].

9 F. R. M c C o u r t  and R. F. S n i d e r , J. C h e m . P h y s . 46, 2387 
[1967] ; 4 7 ,4 1 1 7  [1967].

10 Y. M . K a g a n  and L. A. M a k s im o v , S o v ie t  Phys. JETP 14,
604 [1962].

restricted to “normal solutions” of the kinetic equa­
tion. This point is of crucial importance for the 
study of time-dependent phenomena; e. g. in the 
presence of alternating external fields. This paper 
can be considered as part III  of our series on “the 
kinetic theory for a gas of paricles with spin” . Al­
though in parts I and II (see Ref. 13) we have 
mainly been concerned with the “ single level case” 
(molecules with one rotational level; e .g . o-H2 at 
low tem peratures), in this paper we consider the 
more general case of rotating molecules which may 
occupy different rotational energy levels. The in­
fluence of an oscillating field and of perpendicular 
static and oscillating magnetic fields on transport 
properties has previously been investigated by B o r ­
m an et a l .14 The influence of collinear static and 
alternating magnetic fields on the viscosity has re­
cently also been studied theoretically by M c C o u r t  
and M o r a a l  14a.

In this paper, first the coupled transport-relaxa- 
tion equations for the friction pressure tensor and 
the tensor polarization of the rotational angular 
momentum are stated ( § 1 ) .  Section 2 presents the 
solution of the viscosity problem in the absence of 
a magnetic field. Section 3 is devoted to the defini­
tion of the viscosity coefficients characterizing the 
viscosity tensor in the presence of a magnetic field. 
Then, in Section 4, these viscosity coefficients aver­
aged over many periods of the oscillating field are 
calculated for the case where two collinear magnetic 
fields, a static and an oscillating one, are present. 
Some special cases of the obtained formulae are 
discussed in Section 5. Finally, the dependence of 
the viscosity coefficients on the frequency of the 
alternating field is studied in more detail and the 
relevance of these results for the dynamic behav­
iour of the thermomagnetic torque effect is indicat­
ed ( § 6 ) .  The Appendix deals with the projection

11 H. F. P. K n a a p  and J. J. M. B e e n a k k e r , Physica 33, 643
[1967].

12 L. W a l d m a n n  and H. D. K u p a t t , Z. Naturforsch. 18 a, 86
[1963]. — L. W a l d m a n n , in: Fund. Problems in Statist. 
Mechanics II, ed. E. G. D. C o h e n , North-Holland Publish. 
C o., Amsterdam 1968.

13 S. H ess and L. W a l d m a n n , Z. Naturforsch. 21a, 1529
[1966]; 23 a, 1893 [1968]. -  H . R a u m  and W. E. K ö h ­

l e r . Z. Naturforsch. 25 a, 1178 [1970].
14 V. D. B o r m a n , L. A. M a k s im o v , and B . I. N ik o l a e v , S ov. 

Phys. JETP 25, 868 [1967], -  V. D. B o r m a n , L. A. M a k ­
s im o v , Y. V. M ik h a i l o v a , and B . I. N ik o l a e v , S ov. Phys. 
JETP 26, 1210 [1968].

14a F. R. M c C o u r t  and H. M o r a a l , Chem. Phys. Letters 7, 
123 [1970].
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tensors used for the solution of the viscosity prob­
lem and with the physical meaning of the various 
viscosity coefficients.

§ 1. Transport-Relaxation Equations

a) Choice of Macroscopic Variables

The Senftleben-Beenakker effect is intimately 
linked with the fact that transport processes in 
polyatomic gases give rise to an alignment of the 
molecular rotational angular momentum. Hence a 
quantity characterizing this alignment has to be in­
cluded in the set of “macroscopic variables” needed 
to specify the nonequilibrium state of the gas. The 
usual macroscopic variables required for a treat­
ment of the viscosity problem are the flow velocity 
V, the scalar pressure p  and the (traeeless) fric­
tion pressure tensor p . The alignment which is the 
most important one in the presence of a viscous 
flow in a gas of linear molecules is described by 
a kind of a (2nd rank) tensor polarization

( R J J ) .  (1.1)

Here J  is the rotational angular momentum opera­
tor (in units of h)  and R is a scalar function which 
may depend on the magnitude of J  and of the 
linear momentum p  of a molecule. The symbol 

designates the anisotropic, i .e .  symmetric 
traeeless (irreducible) part of a tensor. The bracket 
( . . . )  refers to an average evaluated with the one- 
particle distribution operator f ( t , X , p , J )  of the 
gas. That is to say

( T ) -  n~'  T r /  d»p ¥  (p ,  J )  p ,  J )  (1.2)

gives the local instantaneous mean value of some 
operator W =  W ( p , J ) .  In Eq. (1 .2), “T r” denotes 
the trace over magnetic quantum numbers and sum­
mation over rotational quantum numbers, and

n ( t , X )  = T t f  d3p  f ( t , X , p ,  J)  (1.3)

is the number density.
It has been discussed ea rlie r15 that it is not pos­

sible to determine from measurements of the Senft-

15 S. H e ss , Z. N a tu r fo rsch . 25 a, 350 [1970].
16 S. H e s s , Phys. Letters 30 A, 239 [1969] .
17 S. H e ss , Springer Tracts M o d . Phys. 54 ,136 [1970].
18 S. H e s s , Z. N a tu r fo rsch . 24 a, 1675 [1969].
19 V. G. C o o p e r , A. D. M a y , E . H a r a , and H . F. P. K n a a p ,

Phys. Letters 25 A, 52 [1968]. — R. A. J. K e ij s e r , M . J a n ­
s e n , V. G . C o o p e r , and H . F. P. K n a a p , Physica 51, 593 
[1971].

leben-Beenakker effect on the viscosity alone how R  
should be chosen for a “ single-term description” of 
the effect. However, the type of alignment occurring 
in connection with flow birefringence 16>17 and de­
polarized Rayleigh light scattering 15> 17>18 in ga­
ses of linear molecules is of the form (1.1) with 
R =  (J2 — f ) _1. There are strong indications — bas­
ed on the comparison of the experimentally deter­
mined width of the depolarized Rayleigh lin e 19 
with data extracted from measurements of the Senft­
leben-Beenakker effect of the viscosity 5’ 20’ 21 — 
that the tensor polarization associated with the in­
fluence of a magnetic field on the viscosity is also 
of this form. Thus as the macroscopic variable 
characterizing the alignment of the molecular ro ta­
tional angular momentum the tensor polarization

a =  ) (1.4)

with

* = l / f  « 7^ i) o ) ” ,!(/2-  i )_1^  (L5)
is chosen. The bracket ( . . . ) o  refers to an average 
taken with an equilibrium distribution / 0 . The 
quantity has been normalized such that

(<£<*>>„= A .  (1.6)

In Cartesian component notation the isotropic ten­
sor A (of rank 4) is given by

A fiv,  n ' v '  ~  ~2 ^ v v '  “I" ^ f i v '  f y v ß ' )  T3 ^IXV ^ n ' v '  • ( 1 " 7 )

b) The Transport-Relaxation Equations

By application of the moment method 12>13 to the 
kinetic equation6-8 for the nonequilibrium distri­
bution operator /  the following set of transport- 
relaxation equations can be derived for p  and a :

o p
+ 2 p o V ^  +  ft)»; P  +  T̂ 2 p0 ft)„T a  = 0 ,  (1.8)

03* 1
+ y H y i :  a +  ^ ^ - a v r p  +  o > p a = 0 .  (1.9)

Here p0 is the (constant) equilibrium pressure. The 
“relaxation coefficients” cov , covt  and co  ̂ can be

20 J. K o r v i n g , H . H u l s m a n , G . S c o l e s , H . F. P. K n a a p , and 
J. J. M . B e e n a k k e r , Physica 36, 177 [1967]. — J. K o r ­
v i n g , Physica 50, 27 [1970].

21 J. K o r v i n g , H . F. P. K n a a p , R. G . G o r d o n , and J. J. M. 
B e e n a k k e r , Phys. Letters 24 A, 755 [1967].



1060 S. HESS AND L. WALDMANN

expressed in terms of “collision brackets” . These 
brackets are obtained from the linearized collision 
operator co( . . . )  of the quantum mechanical kinetic 
equation. In particular, one has

= f  ( K j rr C O ( V j ^ ) ) 0 , (1.10) 

(1.11)

(1-12)

where V is the linear momentum of a particle in 
units of V 2 m k T 0 . Here m is the mass of a mole­
cule and T0 is the equilibrium temperature of the 
gas. In Ref. 13 the relaxation coefficients have been 
denoted by c o + z ,  co+f ,  and a>+ V. The relaxation 
coefficient a>? for the tensor polarization determin­
es the pressure broadening of the depolarized Ray­
leigh line 17~19. The coefficient co^x which charac­
terizes the strength of the collision-induced coupling 
between the friction pressure tensor and the tensor 
polarization is also of crucial importance for flow 
birefringence17.

Effective cross sections pertaining to the relaxa­
tion coefficients can be introduced by

1 / 8  k T 0 / -j q\co. .  = n 0 /  --  o . .  (1-13)
y 71 TTl-^e)

where “ . stands for “r]” , “rj 71” and “7”’. The 
“cross section” may be positive or negative, the 
others are positive. In Eq. (1.13) n0 is the equi­
librium number density and m 12 =  |m  is the re­
duced mass of two molecules.

The 2nd term in Eq. (1.9) describes the pre- 
cessional motion of the tensor polarization of a gas 
of molecules with a (constant) gyromagnetic ratio y 
in the presence of a magnetic field H  =  H h  (ft is 
a unit vector). In Cartesian component notation the 
4-th rank tensor J-l is given by

J n̂v, ix v ~  h). 4" £v).v  ̂nix') (1*14)

where e^x is the isotropic tensor of rank 3 with 
£i23 =  1- The product J-l : a  is

( H  ! a>) ftv =  x̂ ßpy 4" £vXq Tlx » (1*1^)

it essentially describes the infinitesimal rotation of 
a 2-nd rank tensor about a direction specified by ft.

Some of its further properties are discussed in the 
Appendix.

Here, as in all previous work on the Senftleben- 
Beenakker effect it is assumed that the collisions 
are not affected by the magnetic field.

c) Alternative Form of the Transport-Relaxation 
Equations

It proves convenient for the treatment of the vis­
cosity problem to introduce the “friction pressure 
tensor” P t associated with the tensor polarization 
by

P t =  — 1/2 p0 cô t/ co,, a  . (1-16) 

Then Eq. (1.8) can be written in the form

co-1^  + P =  - 2 - ^  V v +  P t , (1-17)a t  cov

and Eq. (1.9) is equivalent to

3 p t—0  ̂ ■ +  y H J i  : p x  +  p-p =  a>p A ^  p  (1.18) 

where A v<y is given by

A vt =  • (1*19)

§ 2. Field Free Viscosity

Before treating the viscosity in the presence of a 
constant magnetic field it is instructive to consider 
the steady state situation where no magnetic field is 
present.

In steady state the time derivatives of p  and a  
are equal to zero in Eqs. (1 .17), (1 .18). Then, for
H =  0, Eq. (1.18) yields

P t  =  A vT p  , (2.1) 

and Eq. (1.17) can be solved for p  to give

p  =  -  2  rj \ / v  ( 2 . 2 )

with >7 =  >7iso (1 ~An'r)~1- (2.3)

Here Viso =  Po/Mv (2.4)

is the “ isotropic viscosity” for the case where no 
alignment (tensor polarization) would be set up in 
a viscous flow (Avt  =  0 ). The actual viscosity Y], 
however, is larger than rj-lS0. Now, if the tensor 
polarization is partially destroyed by the precessio- 
nal motion of the rotational angular momenta about 
an applied magnetic field, the viscosity will decrease 
and approach its “ isotropic” value r]iso . Thus the
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maximal field-induced relative change of the visco­
sity turns out to be

( A r i / r } ) max =  ( v  ~  V uo) h  =  A t j r  • ( 2 -5 )

Measurements of the Senftleben-Beenakker effect on 
the viscosity show that A ^  is of the order of IO-2 
and smaller 5’ 20> 21. Hence terms of 2nd and higher 
power in A vt  can be neglected in the viscosity, and 
Eq. (2.3) can be replaced by

^ =  ^iso(l + A v'r) . (2.6)

In the presence of a magnetic field the shear 
viscosity becomes a 4th rank tensor characterized 
by 5 viscosity coefficients. Before the viscosity is 
calculated from Eqs. (1.17) and (1.18) the defini­
tion of a set of viscosity coefficients will be given.

§ 3. Viscosity Tensor and the Definition  
of the Viscosity Coefficients

The choice of the 5 linearly independent viscosity 
coefficients characterizing the shear viscosity tensor 
in the presence of a magnetic field is arbitrary to 
some extent. Here two sets of viscosity coefficients 
are introduced which have certain advantages for 
the treatment of the viscosity problem [i. e. for the 
solution of Eq. (1 .17), (1 .18)] and which are re­
lated to measurable quantities in a rather simple 
way.

The first set of viscosity coefficients (m =  0, 
+  1, ± 2 )  is defined by 17

+ 2 ------,
p =  - 2  2?7 (w) P (ot) : V v  (3.1)

m= -2

where the are 4th rank “projection tensors” 
with the properties:

p(m) . p(m') _  p ( m )  f i  mm'  ? ( 3 .2 )

p w  : H  = ' H : V W =  i m P W ,  (3.3) 
+ 2
2  P (m) : A  =  A , (3.4)

m =  -2
where A in any 2nd rank tensor.

For 71 see Eq. (1 .13). For further properties of 
the and their connection with the rotation of a 
2nd rank tensor about a direction specified by the

22 H. M o r a a l  and F. R. M c C o u r t ,  Physica 4 6 ,  3 6 7  [ 1 9 7 0 ] .
23 Y. M . K a g a n  and L . A . M a k s im o v , Soviet Phys. JETP 2 4 ,  

1 2 7 2  [ 1 9 6 7 ] .
24 A . T ip , A . C . L e v i ,  and F. R. M c C o u r t ,  Physica 4 0 ,  4 3 5

[ 1 9 6 8 ] .  — A . T ip , Physica 4 1 ,  4 5 6  [ 1 9 6 9 ] .

unit vector h  see the Appendix. Since p(m)* =  p( 
one has

=  . (3.5)

Viscosity coefficients of this type have also been 
used by M o r a a l  and M c C o u r t  22. Similar coeffi­
cients arise when spherical tensors instead of Car­
tesian tensors are used, cf. Ref. 23> 24. The rj(m̂  are 
related to the viscosity coefficients r\x , —  ,rj5 of 
d e G r o o t  and M a z u r  25 by

??(0) v {1) = r l3 +  ir l5 » ri® =  2r]2 - r ] 1 - i r j i .
(3.6)

W ithout a magnetic field one has r]^ =  rjM =  rj >̂ 
and the viscosity tensor is isotropic. A set of real 
“viscosity” coefficients which characterize the de­
viation of the viscosity tensor from isotropy can be 
introduced by (“ trans” refers to “ transverse” )

p =  - 2 i ?  { ' l + c 0 p (° )+  2  [ ^ ( P W + p t- m ) )
[ m= 1

+  i 45ans (PW  _ p c - ^ ) ) ] j  : V lT  (3.7)

The scalar rj is the viscosity without magnetic field 
and the coefficients em, £^ans are related to the 
complex viscosity coefficients by

«m =  »?- 1 (Re r](m)- r ] ) ; e^ans
=  rj~1 I m r j W ;  m =  0,  1, 2. (3.8)

The relation of the em and £wans to measurable 
quantities is discussed in the Appendix. The possi­
bility of measuring the magnetic field-induced 
changes of all 5 linearly independent viscosity co­
efficients has been demonstrated by HuLSMAN and 
B u r g m a n s  26.

§ 4. Calculation of the Viscosity Coefficients

a) Constant Magnetic Field

The case of a constant magnetic field is con­
sidered first. As in the field-free case the time deri­
vatives occurring in Eqs. (1.17, 18) vanish in a" 
steady state situation. Then one has

P = - 2 ^ iso V v + P t , (4.1)
and

qpji  : p T +  p T =  - 2 r ] iaoA vT \ / v  , (4.2)

25 S . R. d e  G r o o t  a n d  P . M a z u r , N o n -E q u il ib r iu m  T h e r m o ­
d y n a m ic s , N o r th -H o lla n d  P u b l. C o ., A m ste r d a m  1 9 6 2 .

26 H . H u l s m a n  a n d  A . L . J. B u r g m a n s , P h y s . L e tte r s  29 A ,  
6 2 9  [ 1 9 6 9 ] .



1062 S. HESS AND L. WALDMANN

where on the right hand side of Eq. (1.18) p  has 
been replaced by its “ isotropic value” . This means 
that terms of 2nd and higher order in A vt  are ne­
glected. The quantity

cp =  y H/ cD'y == cog/cot (4.3)

is the angle over which the molecular rotational 
angular momentum precesses during the effective 
collision time cof" 1. Since coT is proportional to the 
number density one has, for constant temperature, 
cp oc H/p0 where p0 is the equilibrium pressure.

The solution of (4.2) is most easily obtained by 
splitting P t  into “eigentensors” P t ^  of the opera­
tor TI according to

P t  =  2  Ptw) (4.4)
m= -2 

p(m) = p (m) ; p Twith (4.5)

Then recalling (3 .3), Eq. (4.2) yields

P r =  - 2 t ] is0A vT'Z (1 + i m c p )  1P(m) : V v .  (4.6)
m

If (4.6) is inserted into (4.1) a relation of the 
form (3.1) is found and the viscosity coefficients 

are given by

rj (») =  r]i60 [ 1 +  A vT (1 +  i m (p) -1 ]
=  rj [ 1 — A rf i i m c p ( l - \ - i m c p ) ~ 1'\, (4.7) 

m =  0, ± 1 ,  ± 2 .

The ensuing real coefficients sm and e^ans are (fot 
m  =  0, 1, 2)

m2 cp2

„trans =  - A

^  i  +  my  ’

m cp
1 +  m2 cp2

(4.8)

(4.9)

Eqs. (4 .8), (4.9) are equivalent to the results first 
calculated by M c C o u r t  and S n id e r  9 for the Senft- 
leben-Beenakker effect of the viscosity.

b) Collinear Static and Alternating Magnetic Fields 

Now a magnetic field of the form

# ( 1 +/? sin co 2) h  (4.10)

is considered. Here H  is the magnitude of the con-

The solution of Eq. (4.14) can be written as

stant field. The ratio of the magnitude of the alter­
nating field (with angular frequency co) to the 
magnitude of the constant field is denoted by ß.

In the presence of an alternating magnetic field 
both p  and P t  are time-dependent quantities. In a 
streaming experiment or with the Scott pendulum, 
however, time-averaged quantities are measured. 
The time average ä of a quantity a ( t ) is defined by

T

a =  lim ~  \ a(t)  d£. (4.11)
T-+ oo 1 J

For a steady flow (i. e. time-independent) Eq. 
(1.17) yields

p =  - 2 r y iso V v + P t . (4.12)

In order to find P t needed for (4.12) P t (0  has 
to be calculated first from Eq. (1 .18).

As in (4 .2 ), p  occurring in  Eq. (1.18) is re­
placed by its “ isotropic value” . Next, the scalar 
functions Gm(t) are introduced by

PW  : p r ( 0  =p^rm) (t)

=  -  Gm{t) A vt  2 r]iso PW  : Vt>. 

Then Eq. (1.18) is equivalent to 

3 Gn

(4.13)

3 r
+  [1 +  i m cp (1 + ß  sin Q  r) ] Gm =  1, (4.14)

where the dimensionless variables 

r  =  fcor ,  Q  =  co/coT >  0, cp =  cojj/o>r 0 (4.15) 

are used.
With the ansatz (4.13) the time-averaged visco­

sity coefficients f j ^  are related to Gm and the field- 
free viscosity rj by

r jW =  Y][\ +  A ^ i G m - l ) ] ,  

and one has (for m =  0, 1, 2)

~  A ^  (Re Gm 1),

(4 .16)

(4.17)

(4.18)

Hence in order to determine these viscosity coeffi­
cients, Eq. (4.14) has to be solved for Gm and then 
time-average has to be performed.

Gm(r) =  exp{ — t  — i m cp[x — ß  Q  1 c o s i e r ) }  • / Ar exp-jV +  i m cp [x — ß  Q  1c o s i 2 t /) } .  (4.19)
o
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The initial condition chosen is_GOT(0) = 0 . Since it is the long time-behaviour ( r — oo) which determines 
the value of the time-average Gm the coefficient is not affected by the choice of the initial condition 
for Gm (t)  . Now, use of the formula

OO
exp{i:r cos y }  =  I0(x) +  2 2  i l h i x ) cos l y  , I i (x) =  ( — l ) z /*( — :*) (4.20)

i = i
where li  are Bessel functions of the first kind, and integration over Ax' leads, for x —> oo, to 

Gm{t)  = I0( m a ) + 2  2  iv h ’(m a ) cos I' Q v
v = i

| ( 1 +  i m  cp) 1 I0( m a )  + 2  2  ( — i ) l h { m a )
( i = i

[ (1 +  i m ( p ) 2 +  P  ß 2] _1 [ (1 +  i m cp) cos I O  x + 1 Q  sin I Q  x~] \ . (4.21)

Here a is an abbreviation for
a =  ß  (p/Q =  ß  ooe/ ol> =  y H-l/ o) , (4.22)

where CJ0^ =  y H  is the precession frequency of the angular momentum about the applied constant field. 
With cos I' Q  x cos I Q x  =  \  dtt' and cos l' Q  x sin l Q x  =  0 the time average

Gm =  (1 +  i m (p)- 1 102(m a) +  2 2  ( l  +  im<p) [ (1 +  i m cp)2 + 12 £?2] -1 Ii2(m a) (4.23)
z = i

is obtained. Hence the magnetic field-induced change of the viscosity coefficients is given by (m =  0 , 1,2)

-  ^ T i a + m v r 1  w « )  - 1
OO

+  2 2 ( 1  +  m2 <p2 +  l2 Q 2) [ ( l  — m 2 (p2 +  l2 Q 2) 2 +  4 m 2 9?2] _1 I f  (m a ) } (4.24) 
i = i

and £mans (H ,ß )  =  -  ^  j  (1 +  m2 <p2) _1 / 02(m a) (4 25)

+  2 2  (1 +  m2 <p2 - l 2 Q 2) [ { l - m 2 (p2 +  l2 0 2) 2 + 4  m2 y 2] - 1 I f  (m a) 1. 
z = i I

The Eqs. (4 .24), (4.25) describing the influence of two collinear static and alternating magnetic fields 
on the viscosity are the main result of this paper. Some special cases of these formulae are discussed in 
the next sections. Of course, for ß  =  0 (no alternating field present) Eqs. (4 .24), (4.25) reduce to Eqs.
(4 .8 ), (4.9) since / 0(0) =  1 and l i (0)  = 0  for 1 =  1, 2 , . . .  .

§ 5. Discussion of Some Special Cases

a) No Constant Field Present

Firstly, it  is noticed that in  the presence of an alternating field alone (H =  0, cp =  0 ; ß H  =  H1^ 0 )  
£^ans vanishes and Eq. (4.24) reduces to

em =  A „ J l , H m r H t / < o ) + 2 f  ( l  +  P ß 2) ' 1 I? ( m  y HJto)  J . (5.1)

The dimensionless frequency Q  =  co/co? is, for constant temperature, inversely proportional to the pres- 
pure. It seems instructive to discuss the high and low pressure limits of Eq. (5 .1 ), i. e. the cases Q 2<^ \  
and Q 2 >  1. Since

oo oo
Iq (x) +  2 2  I f  (X) -  1 ,  2  I2 h 2 (*) =  U 2 , (5.2)

i=i i=i
Eq. (5.1) can be approximated by

l m^ A vT 2 Q 2 Z F  I f  (m r  Hj,co) =  i  =  i  A , t  (5.3)
1 = 1 \ CO J \  O) T /

for Q  1. Hence the viscosity is not influenced by an alternating magnetic field if the collision fre­
quency co t  is much larger than m y  H1 .
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In the low pressure regime ( Q 2 ^  1) where co is much larger than a>T , Eq. (5.1) can be approxi­
mated by

. (5.4)

If the term proportional to Q ~ 2 can also be neglected, — em as a function of m \ y \ H1fco reaches 
its first maximum at

m \ y \ H j c o  =  j 01 (5.5)

where ; 01ä ;2 .4  is the first zero of the Bessel function / 0 . Hence such a measurement of l m would allow 
a determination of the gyromagnetic ratio | y | .

b)  8m and ^trans as Functions of cp

Next, £m and £^ans are considered as functions of H or cp for a fixed frequency and magnitude of the 
alternating field. Again, it is interesting to discuss the high and low pressure limits of these equations. 

For Q 2 1 (high pressure) Eqs. (4 .24), (4.25) can be approximated by [for a see (4 .22)]

t Ä A -  + 1 — ) 2 ’ ^5 -6 >1 1 +  2 \ cot / ( l + m ‘i 99J) 4

-trans ,  „  „  { n  , m2 ^ -1  , 1 I  m  ?  \ *  1 +  4  ^  I  ( Z 7 \
4» ~ - A , T mcp  j d + m y )  +  3 (1 +  m V ) 4 I '  ‘ ’

Hence if the frequency m \ y \ H 1 is very small compared with the relaxation frequency, eoT , the alternat­
ing field does not affect the viscosity. More interesting is the low pressure limit Q 2 1. In this case one 
has

(1 +  m2 cp2) ~ 1 I02( m a )  -  1 +  I  Ii2{m a) j  , (5.8)

with him =  2 (I2 Q 2 +  m 2 cp2) [ (I2 Q 2 — m2 cp2) 2 + 4  m2 qp2] - 1 , (5.9)

and 4 rans «  -  A vT m cp j  (1 +  m 2 cp2) l 2 (m a) +  f k m  h 2(m a) J  , (5.10) 

with kim =  2 (m2 cp2 — I2 Q 2) [(I2 Q 2 — m2 cp2) 2 + 4 m 29?2] -1 . (5.11^

For m \ c p \ ^ l  Q  the function h{m can be approximated by a Lorentzian and kim by a “dispersion” 
curve, i. e. one has

hlm~ [ ( m - r n \ c p \ ) 2 +  \ } - \  +  (5.12)

Thus, according to (5 .8 ), (5 .9 ), (5.12) the quantity —A ^ £ m plotted as function of 19c | with con­
stant a reaches its saturation value 1 for 7̂ . 19? ] 1 except for m\cp\ =  l Q ,  1 = 1 ,  2, 3 , . . .  where 
the curve shows “dips” of width 1 and of depth Ii2( m y  H j c o ) . Since one has at the position of the first 
dip (m coh) dip =  m 7 //dip =&>, the magnitude of the gyromagnetic ratio y can be determined according to

I y  I =  co/(m /7dip) . (5.13)

Notice that em and £^ans as given by (4 .21), (4.22) or the approximate equations (5 .8), (5.10) dis­
play a pressure dependence via Q  =  00/oo^ when plotted as functions of cp or of the ratio H/p0 . Such a 
pressure dependence also shows up when the influence of a constant magnetic field on the viscosity and 
the heat conductivity of 0 2 is investigated at low pressures 27. This behaviour may qualitatively be un­
derstood when it is assumed that the coupling between the electronic spin and the rotational angular 
momentum is similar to an  “internal” oscillating magnetic field.

27 H . H u l s m a n , A. L. J. B u r g m a n s , E. J. v a n  W a a s d i j k , and H . F. P. K n a a p , Physica 50, 558 [1970].
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§ 6. Frequency-dependence of the V iscosity Coefficients and its Relevance 
for the Dynamic Therm om agnetic Torque

The relative change of the viscosity coefficients as given by Eqs. (4 .24), (4.25) depends on the fre­
quency co of the alternating field via a =  y H jc o  =  ß  co- /̂co (which is the argument of the Bessel functions) 
and via ß  =  co/a)T occurring in the factors in front of the I f  (with I 1). Two dimensionless frequency 
variables Q  or x  =  co/mco^ =  Q/mcp  can be used to discuss the frequency dependence described by Eqs. 
(4 .24), (4 .25). For m<p>  1 when the angular momentum of a molecule makes more than one precession 
between two collisions, x  will turn out to be the more convenient variable, but for m ^ < l  it is more 
convenient to use Q.

Now, Eq. (4.24) is equivalent to

em(H ,ß)  i  2 l + m 2 ^ 2 o v  1 + m 2(p2 +  l2 ü 2
- , - 1 = 9 o LI — ----------r —5—  2 2  T i------ — a- 2 *1 (m P VIu )em(H, 0) m2 op2 1 m 2 cp2 1Z1 [1 -  m 2 <p2 + 12 I22] 2 +  4 m 2 <p2

(6.1)

,  s - 2 n  7 2 ( 0 1  1 + m 2 ( P 2  O V ____________ 1 +  {m <p) ~ 2  + P x 2____________ 1 2 ( 0 1  \  ( * 0 \
\TTl Cp) [ 1  /q  ( ß  X ) J  ̂ 4 2  ^   ̂ 2 1 * / \ —212 1 A ( ~ 2  ̂ ( P f a '  5 ( 6 » 2 )

m <p 1 = 1 |_* a> — 1 +  (m (p) +  ^ \ m c p )  * 

with £ =  co/m , m =  1, 2 . (6.3)

Likewise (4.25) is equivalent to

% ™ ( H , ß )  , , . f t / , . ,  ~
- 1  = I 0- ( ß  m(p/Q)  - 1  + 2 ( 1  + m 2 cp2) 2  Ti -------■ a— h  {rn ß  cp j  Q)

(H, 0) v ^  z = i [ l - m 2 cp2 +  l2 Q 2] 2 +  4 m 2
(6.4)

- v m - 1 + 2 1 1 + (^ ) - 2] , i I [ W _ 1i : s ; i ^ ; r (. y ) - ^ ) .  « « >

Eqs. (6.4) and (6.5) are of particular importance for the “dynamic” thermomagnetic torque effect3. 
Within certain approximations discussed in Ref. 4 the difference AN  between the torque measured with 
and witlout oscillating magnetic field divided by the torque N  for the constant magnetic field alone is 
given by

AN  IN =  4 rans (H, ß)  / 4 rans (H, 0) -  1 . (6.6)

Curves for AN/N  evaluated according to (6 .5), (6.6) have been shown in Ref. 4 for the case (mcp)2>  1.
It seems useful to consider Eqs. (6 .4), (6.5) for the limiting cases (mcp)2<^ \  and [mcp)2 ^ > \  in 

more detail. For (mcp)2<^ \  in Eq. (6.4) can be approximated by
-trans ( U  ß \  oo -i _  12 Q 2

1 “ “ ( H , 0) -  1 +  2 1  a + P Q 2) 2 h H ß  rn <p/Q). (6.7)

If Q  is not too small, i. e. if
ß m c p / Q <  0.3 (6.8)

it is sufficient to retain the Bessel function I t in the sum occurring in (6.7) and to truncate the power 
series expansion of 702 and 1^  after the 2nd and 1st term, respectively. Then Eq. (6.7) reduces to

4 rans ( H , J l  3 2
4 rans (H, 0) 2 ß  m cp F ( Q )  (6.9)

with F(Q )  =  i ( l + ^ 2) _ 1 +  f  ( l  +  Q 2) - 2 . (6.10)

In Ref. 3 the difference AN  of the torque with and without alternating magnetic field divided by 
AN  for co—> 0  has been measured and plotted for the case (mcp)2 1. According to (6.6) this nor­
malized quantity (^A^)norm is equal to F ( Q ) . Due to (6.10) F( Q)  approaches 1 and 0, for Q —> 0 and
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Q  ->  oo, respectively, and one has F — \  for

Ü \  =  ( 5 - l/1 3 ) /(> /1 3 - l ) ,  or ö . /t« 0 .7 3 .  (6.11)

Hence the frequency coi/2 for which (^/V)norm as plotted in Ref. 3 assumes the value 1/2 is related to the 
relaxation frequency of the tensor polarization cot by

oji/2äs0.73 co<p. (6.12)

Since a)T is proportional to the pressure (for constant temperature) (Oi/t should increase proportional to 
the pressure. This was indeed observed experim entally3.

Finally the case (mcp)2 1 is considered. In  this case Eq. (6.5) can be approximated by

(H,ß)
- I .

l - P :
(6.13)

■ T W O )

The factor in front of 112 describes a dispersion like curve which approaches the values 1 and 0 for 
x ~ + 0  and x - >  oo respectively, it vanishes for the “ dispersion frequency” x  =  l~ x, and it assumes its 
maximum and minimum values +  \ ( m  (p)~x for x^al~x ( l  +  (mcp) _1) . Thus Eq. (6.13) describes a set 
of dispersion-like curves which sit on a “background” determined by I02(ß/x)  —1. Again the experimen­
tal results reported in Ref. 3 for A N /N  measured as function of the frequency for experimental situations 
where [mcp)2 ^  5, are qualitatively of this type. Since one has for the first dispersion frequency x2 =  \  
or

w  =  m \c o E \ =  m \ y \ H  (6.14)

it is possible to determine the value of the gyromagnetic ratio | y | by such a measurement. From the thermo- 
magnetic torque effect (where m =  2 applies) values of |y| have been obtained by S m ith  and SCOTT3 
which are in good agreement with values of | y | determined by other methods.

A ppendix

It is the purpose of this Appendix to discuss the 
connection of the 4th-rank tensor !H and of the pro­
jection tensors [cf. (1.14) and (3 .2 ), (3 .3)] 
with the active rotation of a 2nd rank tensor about 
a given direction and with the transform ation of 
the components of a 2nd-rank tensor under a rota­
tion of the coordinate system. Furthermore, the 
physical meaning of the viscosity coefficients as 
introduced in § 3 is studied, i. e. it is indicated how 
the various coefficients can be measured. Firstly, 
however, the active rotation of a vector and the 
transformation of its components under a rotation 
of the coordinate system are discussed.

1. Rotation of a Vector, Projection Tensors 
of Rank 2

An active infinitesimal rotation of a vector tt by 
a small angle $  about a direction specified by the 
unit vector h  leads to the vector

a '  =  a  +  f i H a  (A .l)

where the 2nd rank tensor H is given by

=  hx • (A.2)

A rotation by a finite angle $  yields

a / = ( e * H) - a  =  R ( 0 ) - a .  (A.3)

Since H 2 =  H H =  —1 the tensor H obeys the 
equation

H 3 +  H =  0 . (A.4)

Eq. (A.4) can be considered as a Hamilton-Cayley 
equation for the “tensor-operator” H with the eigen­
values i m ,  7« =  0, i l .  Thus it is possible to define 
“projection tensors” (m =  0, ± 1 )  by

P<m>= n  m , m =  0, + 1 .  (A.5)
m' =f=m I WI  ̂^

Explicitly, one has 

p(°) = h h ;  ? ( * ! ) =  i  ( 1 - f i  h  +  i H ) .  (A.6) 

These projectors have the properties
p(m).p(m' )= p (fn)dmm'; p W *  =  P (-«) , (A.7)

+ 1
2 p (">= l ,  p a > = i , (A.8)

m = - 1

p w  H  =  H  P W  =  i m  P «  . (A.9)

Due to (A .8), (A.9) the tensor H can be resolved 
in terms of its eigentensors according to
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U = 2 i m  P (m) . (A .10)
r n  =  - 1

The tensor R('d') describing the active rotation 
of a vector by the angle #  can be written as

R (#) =  em  = 2  P (w) • em  =  2  eim& P<m> (A .11)
m = -  1 m = -  1

or
R  (0) =  p(°) +  cos & ( P (1) +  p ( -!))

+  s in 0 i ( P ( 1> - P < - 1>). (A .12)

Next, a few remarks on the transformation of the 
Cartesian components of a vector under the rotation 
of the coordinate system are in order. Let U (#) be 
the orthogonal transform ation matrix which trans­
forms the Cartesian components of a vector in the 
original system to the components in a coordinate 
system rotated by the angle $  about a direction 
specified by h.  Now, if a vector a  is first rotated 
by an angle and if then the coordinate system is 
rotated by the same angle the Cartesian components 
of the rotated vector in the rotated system are the 
same as that of a  in the original coordinate system 
or

a ,  =  V „ ( » )  a , ' - U „ & )  K d # )  <xj. (A.13) 

Thus one has

u „ , m  R , i W

or Er „ ( 0 ) - R „ ( - O ) - R , A 0 ) -  (A.14)

The transformation matrix t/„v($) can also be 
written in terms of the tensors P f f i . This point is 
of particular interest if one wants to define the co­
efficients characterizing the 2nd-rank tensor which 
links two vectors in the presence of a magnetic field 
parallel to h  in such a way that they remain in­
variant under a rotation of the coordinate system 
about h.  For the heat conductivity tensor, e. g. it 
is well-known that the coefficients A|| , X± and 2tran8 
defined by

X =  An h h  + l ± ( l - h  h)  +AtransH
=  An P (0) + A i( P ( 1) + P ( ~ 1)) (A .15)

+  ^tra„s*(P(1)- P (- 1))

are of this type. Notice that this is a decomposition 
of a 2nd-rank tensor similar to (A .12). In analogy 
to (A. l l )  one may introduce complex heat conduc­
tivity coefficients

+ 1
X = 2 ^ (W)P (W) (A.16)

m  =  - 1

which are related to l \\, , ^trans by

t t 0) =  h ,  A(±1)= A i ± a tran8. (A.17)

(The subscripts “ ||” , “ _L” , “trans” refer to parallel, 
perpendicular, and transverse with respect to the 
direction specified by h.)

A decomposition of the viscosity tensor corre­
sponding to (A.15) or (A.16) and the definition 
of viscosity coefficients which are invariant under 
a rotation of the coordinate system about It can 
be obtained by studying the rotation of a 2nd rank 
tensor.

2. Rotation of a 2nd Rank Tensor, 
Projection Tensors of Rank 4

Let A  =  a  a  be the 2nd rank tensor constructed 
from the vector a . An infinitesimal rotation of a  
as described by (A .l) leads to

j4/J |> =  -f- $  ( / /up' Öyy’ -f- Ö up HVV’') A p V’
— Apy + $  n’v' Ap'y' . (A.18)

Hence the 4th rank tensor !H whidh already oc­
curred in Eqs. (1.9), (1 .14), (1.15) is the genera­
tor of the infinitesimal rotation of a 2nd rank ten­
sor. Now, using (A.8) and (A.10) one may write 
Tl : A in the form

U/iv, n'v' Aft'y' = 2  2  i ( m i +  mo) PpwjsfiAp’y’ 
m1=- l m 2= - l  (A.19)

with =  P f f i  P{Z 2) (A.20)

or J)(mi m2) _  pirn) x  p{m2) (Kronecker product).

From definition (A.20) and the properties (A.7) 
follows
? (mt m2) . = p(mlfn2) _ (A.20a)

Replacing the A in Eq. (A.19) by one of the P ’s
gives

Tl =  i ( mi  +  m2) P(m . (A.21)

Hence Tl has the 5 eigenvalues i m with m =  0, ±  1, 
± 2  since m — mx +  m2 and m x, m2 =  0, +  1. There­
fore Tl obeys the Hamilton-Cayley equation

+ 2
[ J  ( J i - i m ) =  0 . (A.22)

m =  - 2

The 5 associated, linearly independent eigentensors 
are the projection tensors

T A P(w.2) ( \r f iv ,n 'v '  Z ,  Zw u m, m x + r r i t 1 n ix ' 1 w '  • )
m i m 2
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Summed they give the unity tensor,
V  P<OT) , , =  V  V  p(mi)  V(m,2) — 3 ' 3  'Z* 1 pvt{i v Z* 1 /</*' r  w' — wßß 
m m\ m2

after (A.8 ).
Eq. (A .19) can be rewritten as

+ 2
7 i  =  2  i m P ^  . (A.24)

m= -2
The projection tensors have been used in § 3.

Analogous to (A.5) the P W  can also be expres­
sed in terms of the 4th rank tensor jK by

p<«> =  / J  . (A.25)
jyi' =t7ni m  ̂m

As irreducibility is conserved in rotation, the 
same is true for application of !H and of the P^m\  
or in a formula

with the abbreviation

71:  A  =  rH : A ;  P ™  : A  =  P (m) : A  . (A.26)

Here A  denotes the irreducible part of the 2nd 
rank tensor A.

Now, we are ready to turn to a discussion of the 
rotation of the 2nd rank tensor A  by a finite angle $ . 
In correspondence with (A.3) one has

A' =  (e*” ) : A  =  R(f i )  : A  . (A.27)

Similar to (A .11) or (A.12) the 4th rank rotation 
tensor K ($) can be resolved as

£ ( # )  =  2  P (w) : (c#w) =  2  eim&P (m),  (A.28)
m= -2 m =  - 2

or R(&)  = P (-°) +  2  [cos(/n $) (P(m) + p (  m))
m = 1

+  s i n ( m$)  — p ( _OT)) ] . (A.29)

The definition of the viscosity coefficients intro­
duced in (3.1) and (3.7) is based on a decomposi­
tion of the viscosity tensor similar to the decompo­
sition of £ ( # )  given by (A.28) and (A .29). The 
coefficients and em, £mans are invariant under 
a rotation of the coordinate system about a direc­
tion parallel to h  because ^ ( $ )  (or !H) commutes 
with the ^-tensor. The fact that there are 5 linearly 
independent viscosity coefficients in the presence of 
a magnetic field is due to the fact that there are 
5 projection tensors P ^  corresponding to the 
5 eigenvalues of the 4th rank tensor !H.

3. The Friction Pressure Tensor 

The irreducible second rank pressure tensor is

1 I d v v d v A  1 dv±
2 3 * J  3 Öflv dx ,  •

Use of (A.23) and carrying out the m-summation 
gives instead of (A.30) 

l l
p „ ,=  - 2 2  (A-31)

-1  -1

In tensor notation (without subscripts) this reads

Pi*? = - 2 2  *?(m) ? S v  V v »  » (A.30)
_  9

p =  - 2  2  2  ry(mi + m2) V v - P (_m2). (A.32)

Again, introducing m-components of the nabla and 
velocity vectors

v r  = p $ V , - .  -P i5 *  V .  ™ - 0 , ± i ,

and using the properties of the projectors P , one 
can rewrite (A.31) as follows

-  2 2  if<"»+" «> (V F ,1) v im2) +  v i mi) v < r > )

+  h (0)^ V j ^ -  (A.33)

In the Navier-Stokes equation the force-density

fn =  ~  V v  Pvn , (A.34)

the divergence of the friction tensor, appears. Its 
m-component

A -’ - P S i / , ' ,  / „ - i / S * ’ (A.35) 
-1

taken from (A .32), is
l

/j»> =  ^  r](m + mJ  A (Wl) ^ w)
Wl = — 1

+  V 2 n) 2  (i7<m+m‘) -  f  >?(0)) V i _Wl) v<Wl) (A.36)
Wll =  — 1

where

A ( « i )  =  V l “ wi) V ! wi)

is, so to say, the mt -part of the Laplacian. The vis­
cosity has been treated as spatially constant. In the 
isotropic case

Yj(tn) _  ^ (0) — rj for m =  — 2 , . . . ,  + 2 ,

(A.36) yields the familiar expression

f ß =  r\ ( A v ß +  V *  V r  v v ) .

4. The Two-dimensional Case

The “part of the friction pressure tensor per­
pendicular to the magnetic field” has to be defined 
by

p i = ( l - P ( ° ) ) - p - ( l - P ^ )  . (A.37)
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As

(1 — P(°)) • P W = P W ( 1 - P ( 0 ) )  =  ( l -< 5 m0) P (m) 

one obtains from (A.32)

p_l_ =  — 2  2 '  2 '  r ]('mi + m^  p ( m >) • V v , P (- ~ wl^  ?

where the summation goes over 7711,2 4=0. In ex­
tenso, one has with S =  V  V
P l =  - 2  i y - 2> P t - ^ - S - P ( D + ^ p C - D - S - P t - 1) 

+  P (i).S .p ( 1)) +??( 2 ) p d ) .s - p ( - 1)]. (A.38)

Now let us denote the Cartesian components in 
the plane perpendicular to the magnetic field by 
Latin subscripts k, I, etc., having the values 1 and 2. 
The relevant components of the projectors are

=  \  (&kk' i  i ekk’) 

with the two-dimensional £-tensor
<■ = (_?£) ; e e = -  8 .

By use of the formula

Ekk’ Erf =  dki &k'i' — &ki' <Vz 

one obtains after a little algebra from (A.38)

( p i ) k i =  - R er j ^H Vk V i  +  V i V k  ~  h i  V ;  Vj)
- I m  rj<*) \  [Ekj( \ / j V k  +  V i V j )
+  e« (V i» *  +  V *  *>,•)] (A.39)
-  i  V (0) * « ( V i  Vj -  2  V 3 VS) .

The real part of vj^  is multiplied by twice the shear 
tensor irreducible in two dimensions. The 77̂ -term 
vanishes if the flow is non-divergent and indepen­
dent on x3 , the coordinate in the magnetic field 
direction; in that case p i  is irreducible in two 
dimensions.

If the flow pattern does not depend on x3 , the 
force density, derived from (A .39), is

fk =  -  Vz(pi)/cz 
=  Re Avh +  Im Avi  (A.40)

+  \  >?(0) V k V i v i .

Here, A =  V ;  Vz denotes the two-dimensional La- 
placian. The obvious formula (non-existence of a 
completely antisymmetric 3rd rank tensor in two 
dimensions)

ejk V I +  Elj V k +  ekl V ;  =  0

has been used in the derivation.

5. On the Measurement of the Viscosity Coefficients

To find the physical meaning of the viscosity 
coefficients the hydrodynamical steady state flow

problem has to be solved for a specific experimen­
tal set-up. However, for the Senftleben-Beenakker 
effect the deviation of the viscosity tensor in the 
presence of a magnetic field H  from the isotropic 
viscosity tensor for H =  0 is small (i. e. | em | 1;
I £»»ans I ^  1) • Thus, in first approximation, the ve­
locity field can be assumed to be unaffected by the 
magnetic field. Then application of a magnetic field 
gives rise to a change d p  =  p ( H) — p(0) of the sta­
tic pressure p  which can be determined from

df =  V(5p =  2 ^  V -  |£ (0)P (0)+  1
[ »1 = 1

+  4 f ns 7 ( p w - ? ( - ”*))] j  : V r  (A.41)

where V is taken as the flow velocity in the absence 
of a magnetic field.

As a special case the flow through a tube with 
a flat rectangular cross section is considered. It is 
assumed that the velocity V (X) can be approximat­
ed by that of the flow between flat plates.

Let V and ft be unit vectors parallel to V and 
perpendicular to the flat plates, respectively. The 
flow velocity is parallel to the plates (i. e. t l -V  =  0) 
and it depends on X only via y  =  1l-X.  Thus one 
may write V ( x )  = v { y )  V and V  occurring 
in Eq. (A.41) is given by

V  V v  =  v” {y) n  n  v  (A.42)

where the prime denotes differentiation with respect 
to y.  If no-slip boundary conditions are used and 
without magnetic field, r j i " (y)  is equal to the pres­
sure difference between both ends of the tube divid­
ed by its length.

Notice that df  =  V  <5p as given by (A.41) has 
components parallel to V,  ft, and V X fl. So far, the 
“longitudinal” and the “ transverse” magnetic-field 
induced pressure gradients V-Sf  and ( v x t l ) ' d f  
have been measured. H u lsm a n  and K n a a p 28 dis­
cussed recently which linear combination of visco­
sity coefficients is measured for a given direction 
of the magnetic field.

i)  Longitudinal Pressure Gradient

The longitudinal component of V  d p  can be de­
termined in a Wheatstone-bridge arrangement as 
used by E n g e lh a r d t  and S a c k 29, B e e n a k k e r  et

28 H . H u l s m a n  and H . F. P. K n a a p , Physica 50, 5 6 5  [1970].
29 H . E n g e l h a r d t  and H . S a c k , Phys. Z. 33, 724 [1932].



a l .*, K o r v in g  et al. 20, and H u lsm a n  and B u rg - MANS 26 (see also Ref. 5). With the help of the for­
mula given in this Appendix the following expres- sion for V • df  is inferred from (A.41) :

V-df  =  V-^7dp  =  rj v" {3 £0 hy2 hz2 +  et (hy2 +  hz2 -  4 hy2 hz2) +  e2( l  — hy2 -  hz2 +  hy2 hz2) } , (A.43)

where hx =  (fl x V) f l , hy =  i l  h  , hz =  V - h ; h 2 +  hy2 +  hz2 =  1 .

For special directions of h  (specifying the direction of the magnetic field) Eq. (A.43) reduces to

V-d f  =  rj v" e2 for h A - V  and h  _L fl ,

V - d f = r ) v " e i for either h  ]| Jl or h  [] V , (A.44)

V-df =  rj v" j  (3£0 +  £2) for h  [J (f l± l>) .

Hence such measurements allow the determination of the coefficients £0 » ei » and e2 •

ii) Transverse Pressure Gradient

The transverse component of V  &P whidh gives rise to a “transverse” magnetic-field induced pressure 
difference is given by

( t l X V ) - d f  =  (n  x  V) • V  dp = V v' ' {h x hz [3 e0 hy2 +  £i (1 — 4 hy2) +  e2(hy2 — 1 )]
- / t y[e1trans( l - 2 A / )  + £ 2trans( V - l ) ] }  • (A.45)

The terms containing £0 , , e2 give no contribution to the transverse pressure gradient if h  is perpendi­
cular to V or perpendicular to fl x  V . In particular, Eq. (A.45) reduces to

( n x v )  • df  =  r) v" for h  | fl
and to

(fl x  V) ■ df =  rj v" 1 ^ 2  £2trans ior hy =  ( h \ \ n ± V  or h  jj fl ±  (fl x  V ) ) . (A.46)

Measurements of this type have been performed by K o r v in g  et al. 20, H u lsm a n  and B u rg m a n s 26, and 
by K ik o in  et al. 30.

If h  is perpendicular to fl, Eq. (A.45) yields

( n x v ) - d f  =  r] v" hx hz {e1 —e2) . (A.47)

The pressure difference due to (A.47) has been measured by K ik o in  et al. 30.
Throughout this paper, the cross-effect between the traceless and the scalar parts of the friction pres­

sure tensor which may exist in the presence of a magnetic field has been disregarded. It seems worth 
mentioning that the longitudinal and the transverse components V -V  dp and ( f i x  V) • V  dp are not af­
fected by the existence of such an effect. This, however, is not true for the normal component f l -V  dp 
of the magnetic-field induced pressure gradient, as will be explained immediately.

Hi) Normal Pressure Gradient  

After (A.41) the component of V  dp parallel to fl is given by

n - ^ 7  dp =  r]v" {hy hz [£0{ 3 h y2 —l )  + ^ ( 2 - 4  hy2) + e 2(hy2 - ! ) ]  — hx[2 hy2 +  e2trans( l  -  hy2) ]} .
(A.48)

Here a remark on the fore-mentioned cross-effect is in order. The constitutive law for the scalar part p 
of the friction pressure tensor i s 25
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p =  - 3 £ f l f l  : V v - ) ? v  V -V  (A.49)

I. K . K ik o in , K . I. B a l a s h o v , S . D. L a s a r e v , and R. E. N e is h t a d t , Phys. Letters 2 4  A, 165 [1967] ; 2 6  A, 650 [1968].



where rjv is the volume (bulk) viscosity and £ is a cross coefficient which vanishes for H  =  0. Hence, for 
the non-divergent flow between two flat plates the cross-effect gives rise to an additional static pressure 
gradient

Vpadd =  3 £ v" hy hz n  , (A.50)

which has only a component parallel to tl.
The total static pressure gradient in fl-direction induced by a magnetic field is given by the sum of 

(A.48) and (A .5 0 ); e. g. if h  is perpendicular to II x  V one has

W -V  <5ptot= V v" (ei ~  e2) +  V2 £ v"  for h“ = Y 3 ’ k z =  | / y

and fl- V  <5ptot= 4 V v " ( eo ~ £2) +  f  £ v " for A„ =  A2 =  — .

For known £0 , ^  , e2 sudh a measurement could be used to obtain experimental values for £. Subject to 
the assumption that the tensor polarization is the only type of alignment set up by a viscous flow a theo­
retical analysis yields £0 =  0 and £ =  0. If other types of alignment are present £0 #= 0 and f  =f= 0 is ob­
tained 9. However, £0 and £/r\ can be expected to be small compared with gj and e2 .

VERBREITERUNG DER WASSERSTOFF-LINIE Ly-a DURCH ELEKTRONENSTÖSSE 1 0 7 1

Zur Verbreiterung der Wasserstoff-Linie Ly-a durch starke Elektronenstöße
H. P fe n n ig

Max-Planck-Institut für Physik und Astrophysik, München *

(Z. Naturforsch. 26 a, 1071—1087 [1971] ; eingegangen am 16. März 1971)

On Stark Broadening of the Hydrogen Line Ly-a by Strong Electron Collisions

A study of how strong electron collisions will influence the profile of the line core is made with­
in the framework of the impact theory. To this end the time-dependent Schrödinger-equation de­
scribing the change of state of the atom during the passage of one perturbing electron is solved 
numerically down to impact parameters equal to the de Broglie-wavelength 2 . In this range the 
classical description of the perturbing electrons is assumed to be still valid. In the dipole-only case 
the solution can be expressed exactly by elementary functions. The line profile clearly shows how 
important it is to consider the strong collisions. All the different ways of doing this lead to nearly 
the same results.

1. E in le itung

Unabhängig voneinander haben BARANGER 1 und 
Griem  und K o lb  2 eine Theorie entwickelt, um die 
Verbreiterung (und Verschiebung3) der Spektral­
linien eines Atoms in einem Plasma zu erklären. 
Drei grundlegende Annahmen kennzeichnen diese 
Theorie:

a) Die Elektronen und Ionen des Plasmas dürfen 
als Teildien im Sinne der klassischen Mechanik be­
handelt werden.

b) Die Wechselwirkung der Elektronen mit dem 
Atom läßt sich in eine Folge von Zwei-Teildien-Stö-

ßen Atom — Elektron zeitlich auflösen, die Über­
gänge zwischen den quantenmechanischen Zuständen 
des Atoms bewirken (verallgemeinerte Stoßdämp- 
fungstheorie).

c) Demgegenüber kommt es auf die Zeitabhän­
gigkeit des von den Ionen am Ort des Atoms er­
zeugten elektrischen Mikrofeldes nicht an, die ein­
zelnen Komponenten, in die die Spektrallinie infolge 
des Stark-Effektes auf spaltet und die gemäß b) eine 
Elektronenstoßverbreiterung aufweisen, sind nach 
Maßgabe ihrer Intensität und der Mikrofeldvertei- 
lungsfunktion zu überlagern (quasistatische Theorie).

* Sonderdruckanforderungen an Dr. H. P f e n n i g , Max- 
Planck-Institut für Physik und Astrophysik, D-8000 Mün­
chen 23, Föhringer Ring 6.

1 M. B a r a n g e r , P h y s .  Rev. 111, 494 [1958].

2 H. R. G r ie m  u .  A. C. K o l b , Phys. Rev. 111, 514 [1958].
3 Mit der Verbreiterung soll im folgenden zugleich auch im­

mer die Verschiebung gemeint sein, wenn nicht etwas an­
deres ausdrücklich bemerkt ist.


